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Derivation of the harmonic map functional
We begin by transforming the original GL functional given by Eq. (1) from the main text into the dimensionless form:
We now demonstrate that, in terms of the vortex distribution minimizing the free energy, the functional (1) can be replaced by the functional
which we call the harmonic map functional. In other words, we will demonstrate that the ground state vorticity distribution for (2) describes that for (1). For the sake of brevity and to make our consideration straightforward and illuminating, we will discuss here a round cylindrical sample with the radiusR s = 1 with one circular exponentially small hole of the radius
The choice of a radially symmetric model does not lead to any loss of generality but allows for a transparent and easily accessible exact solution. The extension to the general case is straightforward but cumbersome and will be published elsewhere. We let d be an integer and consider the problem of minimization (2) under the constraint that the total sample vorticity is d. The configuration (u (2) is radially symmetric and can be explicitly found. In this situation u
It is a discrete parabola with branches facing up. The vorticity d ⋆ that minimizes the energy is the closest integer to the vertex of the corresponding continuous parabola. If the parabola is not symmetric with respect to the vertical axis d = m + 0.5 for any integer m, then one can easily estimate the difference between the values of functional at d ⋆ (near the vertex) and at any other integer point:
for any d ̸ = d ⋆ .
Next we take the minimizer ( u ε , A ε ) of (1) that is radially symmetric and has hole vorticity d = deg ( uε | uε| , ∂ω ε ). One can show that the energy on this minimizer can be decomposed in the following way:
Here
and the functional F is a Ginzburg-Landau functional (1) with the zero applied magnetic field. Here we just substituted (6) into the functional (1) and extracted the harmonic map energy FG ⋆ [u
Below are equalities we used:
By rearranging, cancelling and estimating the terms, we obtain the decomposition above.
Since F is nonnegative and the energy on the left-hand side of (5) is minimal, we conclude that F [| u ε |,Ã ε ] = o(1). This, in its turn, implies
The estimate (7) implies that the energy of minimizer ( u ε , A ε ) is close to the energy of the minimizer of the harmonic map functional (2) provided that the vorticities of the hole vortices are the same. On the other hand, the estimate (4) implies that energies of minimizers with different vorticities differ significantly. Thus d must coincide with d ⋆ , which proves the equivalence of (1) and (2) as required.
Estimate of the typical size of the domainR D
Consider the circular domain Ω = B(0, 1) and findR D that is the dimensionless radius of subdomain Ω 1 in the case when there are just two phases D(x) = 0 and 0 < D(x) ≤ 1 (in radially symmetrical case Ω 1 is also a ball). Take σ = γ/2 + 2π (the case when the minimizerf σ is still equal to −γ/2 inside Ω 1 but D(x) already turned to 1) and γ = 1.
We have the following equation in Ω 0 :
This equation is nothing but the modified Bessel equation in the polar coordinates and it has solutionf σ (r) = C 1 I 0 (r) + C 2 K 0 (r) − σ.
Using the Dirichlet boundary conditions on ∂Ω, continuity off σ and its derivative at r =R D one arrives at:
C 1 I 0 (1) + C 2 K 0 (1) − σ = 0 (12)
Solving it, we obtain:
K 0 (R D )I 1 (R D ) + K 1 ([R D )I 0 (R D ) K 0 (1)I 1 (R D ) + K 1 (R D )I 0 (1) = γ 2σ + 1.
